We study cholesteric order in liquid crystal shells with planar degenerate anchoring. We observe that the bipolar and radial configurations intensively reported for bulk droplets have a higher degree of complexity when the liquid crystal is confined to a spherical shell. The bipolar configuration is replaced by a structure where the boojums are linked to a stack of disclination rings that spans the shell, while the radial configuration exhibits a double helix structure where two disclinations wind around each other. Our results confirm recent numerical simulations [1] and highlight the complexity of the defect structures arising when cholesteric liquid crystals are confined to spherical geometries. We also show that the position of the boojums is only ruled by the shell geometry, independently of the cholesteric pitch. To understand quantitatively this behavior, we develop a simple yet insightful theoretical framework which captures the essence of the observed phenomenology. We also show that the transition between the two configurations is solely governed by the confinement ratio c = h/p, where h is the average shell thickness and p is the cholesteric pitch. Finally, we perform a dynamical study of this transition, and report a fascinating defect waltz due to a chemical Lehmann effect.
We study cholesteric order in liquid crystal shells with planar degenerate anchoring. We observe that the bipolar and radial configurations intensively reported for bulk droplets have a higher degree of complexity when the liquid crystal is confined to a spherical shell. The bipolar configuration is replaced by a structure where the boojums are linked to a stack of disclination rings that spans the shell, while the radial configuration exhibits a double helix structure where two disclinations wind around each other. Our results confirm recent numerical simulations [1] and highlight the complexity of the defect structures arising when cholesteric liquid crystals are confined to spherical geometries. We also show that the position of the boojums is only ruled by the shell geometry, independently of the cholesteric pitch. To understand quantitatively this behavior, we develop a simple yet insightful theoretical framework which captures the essence of the observed phenomenology. We also show that the transition between the two configurations is solely governed by the confinement ratio c = h/p, where h is the average shell thickness and p is the cholesteric pitch. Finally, we perform a dynamical study of this transition, and report a fascinating defect waltz due to a chemical Lehmann effect.
Liquid crystal droplets are fascinating systems from both fundamental [2] [3] [4] [5] [6] [7] and applied points of view [8] [9] [10] [11] . The curvature of the droplet surface induces geometrical frustration in the molecular arrangement of the liquid crystal, resulting in zero-order regions called defects [12, 13] . The number and nature of defects depend on i) the symmetry of the liquid crystal and ii) the type of molecular anchoring at the droplet surface. Two configurations arise when the liquid crystal has helical, or cholesteric, order and molecules are tangentially anchored to the droplet surface [14] . At low values of radius to helical pitch ratios, R/p, cholesteric droplets are characterised by a twisted bipolar defect structure, similar to the one observed in nematics, where two surface defects or boojums [15] appear at one diameter distance [4, 16] . Interestingly, at large values of R/p, the bivalent configuration is replaced by a monovalent configuration, characterised by a central bulk defect connected to a radial line-defect or disclination. This structure has drawn a lot of attention, since it shows an intriguing analogy to the Dirac monopole [16] , an elementary magnetic charge. Besides, it plays a crucial role in a variety of phenomena ranging from biological morphogenesis [17] to optical resonance [10] . Despite its great interest, the exact nature of this radial defect remains uncertain [14, 18, 19] . Recent numerical simulations have shown that it consists of two distinct disclinations that wind around each other in a double helix structure [1] . This configuration, denoted to as radial spherical structure, RSS, was observed together with other intriguing defect structures, such as the diametric spherical structure, DSS, where a stack of disclination rings span the drop diameter. These two configurations have never been observed in experiments.
In this paper, we take advantage of the possibility that liquid crystal shells offer in terms of controlling defect positions to study cholesteric order in spherical geometries [20, 21] . We observe that the bipolar and radial config- urations, intensively reported for bulk droplets, have a higher degree of complexity in shells. The bipolar structure is replaced by a configuration reminiscent to the DSS, where the boojums are linked to two independent stacks of disclination rings spanning the shell. We show that the equilibrium positions of the boojums in the DSS is actually governed by the geometry of the shell, independently of the cholesteric pitch. We develop a simple yet insightful theoretical model that quantitatively reproduces this behavior. In monovalent shells, we bring experimental proof of the double helix defect structure reported in simulated droplets [1] . We show that the stability of the DSS against the RSS depends on the sole confinement ratio, c = h/p, where h is the shell thickness, and that the transition between the two configurations is first order. We finally study the dynamics of this transition; we observe that the defects of the DSS approach each other following a fascinating waltzing route, see Fig. 1 , before jumping to the RSS. We relate the observed defect waltz to a chemical Lehmann effect.
We fabricate cholesteric liquid crystal shells by the means of a microfluidic device [22] . Each shell is composed of an aqueous inner droplet, which is contained inside an outer liquid crystalline droplet, and in turn dispersed in an aqueous environment (see schematics in 
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where F and q determine the director in-plane angle and the angle of escape, respectively. Distance from the effective center of the defect is equal to r1;2 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi ðx AE dÞ 2 þ y 2 q . To model two +1
escaped disclination lines d ¼ 0.9 is taken. Here, we should note that these '+1 escaped defects' actually correspond to cholesteric l +1 defects that we see in numerical modeling. The escape needs to be modeled by a smooth functional of the escape angle that is nearly linearly dependent on the distance from the center of the disclination and asymptotically reaches p/2. The escape angle is predicted to decrease exponentially at asymptotically large distances. 37 Fig. 3a shows the director field and the splay-bend parameter of the structure extracted from the calculated RSS droplet (from Fig. 2b ), reproduced by the Ansatz in eqn (6), whereas Fig. 3b shows the Frank-Pryce structure drawn by using effectively different Ansatz in eqn (6) with d ¼ 0. The two profiles are clearly different if observing the region where the director escapes. The RSS droplet structure indicates that the director escapes in two separate regions corresponding to two l +1 lines, whereas the Frank-Pryce model predicts one central region of escaped director. It is the chirality of the cholesteric competing with the formation of singular and non-singular cholesteric defect regions, which causes the two l +1 disclination lines to wrap around one another forming the double helix structure (Fig. 3d ).
Bipolar structure
The third -bipolar structure (BS, Fig. 4a ) -is cylindrically symmetric and is characterized by only two surface defects which are positioned diametrically. This structure gradually evolves from the bipolar structure in non-chiral nematic droplets when the chirality is effectively switched on and the cholesteric pitch becomes finite. The droplet is essentially formed from a l +1 disclination line spanning diametrically along the cylindrical symmetry axis (z axis) of the droplet. The central region (around the z axis) is mostly uniformly aligned along the symmetry axis and is surrounded by several bent cholesteric layers in the form of 
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. Typical values of the outer radii, R, range between 50 µm and 100 µm. Due to a density mismatch between the inner aqueous phase and the liquid crystalline phase, the inner droplet either sinks or floats inside the liquid crystal. However, the disjoining pressure prevents contact between the two droplets, resulting in a non-zero minimal thickness denoted h 0 . Our shells are thus heterogeneous in thickness, with average thickness h ≡ R − a. The liquid crystalline phase is composed of a mixture of 4-Cyano-4'-pentylbiphenyl (5CB), which is nematic at room temperature, and a chiral dopant (S)-4-Cyano-4'-(2-methylbutyl)biphenyl (CB15). The cholesteric pitch p is determined by the amount of dopant present in the solution. The two aqueous phases contain 1%wt polyvinyl alcohol (PVA) to (i) stabilise the double emulsions against coalescence and (ii) ensure that the liquid crystalline molecules are parallely anchored to the two surfaces confining the shell. Under these boundary conditions, the molecular alignement at the spherical surfaces is frustrated, resulting in singularities in the orientational molecular order n. These singularities are topological defects, which induce a 2πs rotation of n, where s is defined as the defect charge [13] . The topological constraints for our shells are established by the Poincaré theorem, which states that the total charge on each of the two spherical boundaries must be +2 [23] [24] [25] . Bivalent cholesteric shells appear when chirality is low. They possess two +1 defects at each of the shell boundn ¼ ðsin f sin q; cos f sinq; cos qÞ;
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Bipolar structure
The third -bipolar structure (BS, Fig. 4a ) -is cylindrically symmetric and is characterized by only two surface defects which are positioned diametrically. This structure gradually evolves from the bipolar structure in non-chiral nematic droplets when the chirality is effectively switched on and the cholesteric pitch becomes finite. The droplet is essentially formed from a l +1 disclination line spanning diametrically along the cylindrical symmetry axis (z axis) of the droplet. The central region (around the z axis) is mostly uniformly aligned along the symmetry axis and is surrounded by several bent cholesteric layers in the form of two +1 escaped disclinations (actually corresponding to two l +1 cholesteric disclinations) and (b) one +2 escaped disclination;13 the splay-bend SSB parameter is drawn in yellow and blue (À0.044 < SSB < 0.44). Note that the core of the splay-bend parameter SSB clearly differs between both defects. (c) Constructed director field on intersection planes with two l +1 cholesteric disclinations rotating along the plane normal due to chirality. The center of l +1 cholesteric disclination lines marked by the negative splay-bend parameter SSB thus forms a double helix structure as seen in structures in Fig. 2b. (d) The two cores of +1 disclination lines forming a double helix structure and fusing together at the top (in the center of the droplet).
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Bipolar structure
The third -bipolar structure (BS, Fig. 4a ) -is cylindrically symmetric and is characterized by only two surface defects which are positioned diametrically. This structure gradually evolves from the bipolar structure in non-chiral nematic droplets when the chirality is effectively switched on and the cholesteric pitch becomes finite. The droplet is essentially formed from a l +1 disclination line spanning diametrically along the cylindrical symmetry axis (z axis) of the droplet. The central region (around the z axis) is mostly uniformly aligned along the symmetry axis and is surrounded by several bent cholesteric layers in the form of aries, such that the total charge on each sphere is +2, consistently with the topological requirements. These defects appear close to each other, as imaged in Fig. 2(b) , which is a cross polarised picture of the top of the shell.
A similar configuration appears on the inner sphere. The director field around either pair of surface defects is sketched in the inset of Fig. 2(b) . Keeping this type of in-plane director field through the shell thickness would imply the formation of two +1 discination lines spanning the shell. However, the liquid crystalline structure is free to evolve between the boundaries to minimize its free energy. In nematic shells, the bulk elastic energy associated to +1 disclinations is released by allowing n to escape into the third dimension, as schematically represented in Fig. 2 (c), which shows a local cross section of a nematic shell made by a plane containing the defects [12] . In contrast, three types of disclinations are allowed by the symmetry of cholesterics: χ, τ and λ [26] . The χ and τ lines are singular in the sense that their core correspond to a discontinuity in the order parameter, whereas λ lines have no singular core. A diametrical structure with a +1 disclination spanning the entire droplet diameter was theoretically predicted for chiral droplets [19] . This structure was thought to be a χ +1 disclination [27] , see Fig. 2(d) , until recent numerical simulations suggested otherwise: the χ +1 line actually relaxes into an alternation of τ −1/2 and λ +1/2 disclination rings [1] , represented in the case of a droplet in Fig. 2(e) . The detailed structures of those defects are schematically represented in Fig. 2(d) . To investigate the bulk structure of the +1 defects observed in our cholesteric shells, we induce a slight rotation in the double emulsions by gently moving the sample, which allows us to obtain a side view of the shell, see Fig. 2(f) . Instead of a smooth optical texture (escaped structure) or a solid line (singular disclination), we observe an alternance of bright and dark short lines when imaging the sample between cross polarizers, see Fig. 2(f) . This optical texture remains unaltered after a rotation of the sample, revealing the existence of a sequence of singular bulk defect cores, reminiscent of the ring structure observed in Fig. 2(e) . In the droplet simulations, the number of singular rings along the radius of the droplet is N = 2R/p − 1, where denotes the integer part [1] . Applied to shells, one expects N = 2h/p − 1. We count the number of rings N in four bivalent shells with different h/p, plot it as a function of 2h/p (Fig. 2(g) ), and find that the above relation holds, up to some offset. We attribute this offset to the fact that the lengths of the disclinations are smaller than h, because the defects always regroup in the thinnest part of the shell [20] . This comforts the idea that the observed structure corresponds indeed to the numerically predicted structure [1] . This is the first experimental evidence of a DSS.
Monovalent cholesteric shells appear at higher chirality. They display a radial defect, see Fig. 3(a) , in a configuration that is reminiscent to the spherulitic or FrankPryce texture widely reported for droplets [14] . Although initially considered as χ +2 disclinations, the nature of the +2 defects appearing in this radial configuration is still an open question [14, 18] . Recent numerical simulations have revealed a fascinating structure where two λ +1 disclination lines wind around each other to form a double helix [1] , see Fig. 3(b) . The ends of the λ +1 lines produce a pair of close +1 boojums at the droplet surface, whereas they form a monopole at the center of the droplet. As of today, no experimental proof of this intricate structure, referred to as RSS, has been provided. Figure 3(c) , shows a top view of a mono-valent shell. The eight color brushes (pink and yellow) emerging from the center of the shell indicate a global topological charge of +2. However, a close view of the central defect, see the inset of Fig. 3(c) , reveals that it is actually composed of two +1 boojums, as predicted by the simulations. We find that the distance between the two boojums becomes shorter with decreasing p. By making this distance sufficiently large, we are able to optically distinguish two lines winding around each other, see Fig. 3(d) . Note that although λ +1 lines are escaped, the director field is strongly distorted around it, which explains why one sees micronthick lines [28] . This the first experimental evidence of the numerically predicted RSS in cholesterics [1] .
We now investigate the phase diagram for the DSS and RSS configurations, as a function of the relevant dimensionless parameters of the problem. A cholesteric droplet is characterized by two length scales: its radius R, and the pitch p. The transition is thus triggered by the sole dimensionless ratio R/p [14] . In shells however, assuming that the minimal thickness h 0 is constant, there are three characteristic length scales, namely h, R and p, from which two dimensionless parameters h/R and p/R can be built, if R is chosen as the unit length scale.
We first plot ∆θ, namely the angular distance between the outer surface defects, as a function of u = h/R for different values of the cholesteric pitch, see Fig. 4 . Each point on this plot refers to a different shell, at equilibrium, with its specific geometry. Positive values of ∆θ correspond to bivalent shells, while monovalent shells correspond to ∆θ = 0. Cholesteric shells with different chirality (p = 9.3, 6, and 3.6 µm) are represented by open symbols. The bivalent nematic case, for which p → ∞, is also included in the plot and represented by filled squares [20] . Starting with the bivalent shells, we observe that ∆θ decreases when increasing u, first rapidly then slowly, independently of the nematic or cholesteric nature of the shells. Therefore, the defect locations depend only on the geometry of the shell, and then, are independent of the cholesteric pitch. We observe that above a certain critical value of u denoted u * d , which depends on the pitch, no DSS are found, only RSS (∆θ = 0 in Fig. 4) . Conversely, below a critical value for u denoted u * u , smaller than u * d
and also dependent on the cholesteric pitch, we observe no RSS. The discontinuity in ∆θ, represented by descending and ascending dashed lines in Fig. 4 , and the reported hysteresis (u * d = u * u ), are a direct signature of a first order transition. The inset in Fig. 4 represents the complete phase diagram for the DSS and RSS. The grey region corresponds to the ranges of parameters where both configurations coexist. Interestingly, the critical values u * u and u * d behave linearly with p/R. Consequently, the confinement ratio defined as c = h/p is the only governing parameter for the critical jumps between DSS and RSS in cholesteric shells. Linear regressions on the experimental jumps yield c d = 3.1 and c u = 1.3. From the above description, we highlighted the existence of a first order transition between configurations, where the angular distance between +1 defects is governed by u = h/R and where the jump between configuration is controlled only by c = h/p.
For the bivalent configuration, the above-mentioned decreasing evolution of ∆θ, also observed in nematics (a) both in experiments [20] and simulations [29] , has been qualitatively explained in terms of two opposing forces: (i) a repulsive defect interaction of elastic nature and (ii) an attractive force due to the shell thickness gradient, which tends to bring the defects to the thinnest part of the shell. Here, we provide a quantitive expression for these forces. We start from the surface energy E /u.l. of two +1 defects interacting on a sphere of radius R [30] . For small angles ∆θ, it becomes:
where K is the single elastic constant, 2θ = ∆θ, E 0 = πK log(R/r c ) is the energy per unit length of each defects alone, and r c is the core radius [30, 31] . We take r c 0.01R, corresponding to the average thickness of the DSS lines that we measured ( 1 µm). At the first level of approximation, and motivated by the fact that we are in the presence of defect lines, we write down the integrated free energy of the eccentric shell as E = E /u.l. h(θ, u), where h(θ, u) is the length of the defect lines, obtained from a conformal mapping technique for non-concentric shells [29] . We find that h(θ, u)
, where g is a function of u only. The force f between defect lines, derived from the free energy through f = −∂ θ E/R, then reads:
The equilibrium position of the disclination lines is thus obtained by solving f = 0, which yields ∆θ th = F (u, h 0 ). Figure 4 displays the as obtained ∆θ th as a function of u for different values of h 0 , ranging from 0.01R to 0.05R (solid lines). We obtain a very good agreement with the experimental data for h 0 = 0.03R 2 µm, a reasonable value for our system. We take advantage of the fine control that we can achieve on the defect positions to force the transition between the DSS and RSS. To perform such an experiment, we add an aqueous solution of CaCl 2 to the outer phase, which imposes a difference in osmotic presure between the inner and outer aqueous phases. Since 5CB is slightly permeable to water, it acts as a membrane that allows the inner droplet to deswell. In this way, the inner radius a decreases, and as a result, u = h/R increases [20] . We calculate the typical viscous to elastic forces ratio, namely the Ericksen number Er = ηvL/K = η∆h 2 /K∆t, associated to our deswelling experiment [32] . We find that Er 10 −4 , showing that our experiment can be considered as quasi-static. The experiment starts with a DSS configuration, Fig. 5(a) , where the two outer surface defects are clearly visible. As u increases, the two disclinations get closer and by doing so, they turn around each other, see Fig. 5(b-c) , in a fascinating waltz, represented in Fig. 5(e) by the trajectories of the two outer surface defects. Finally, at a certain critical angular distance ∆θ crit the two lines jump together towards the center of the shell and assemble to form a double helix structure, see Fig. 5(d) . In rare cases, the system can get trapped in intermediate metastable states, see Fig. 1 , allowing us to shed light on the route towards of the double-helix formation. Remarkably, performing the reverse experiment, where salt is added to the inner phase, we observe that the +2 disclination split out into two independent +1 disclinations. The rotational behavior contrasts sharply with the nematic case, in which the defects follow geodesic lines without this intriguing rotation. A natural explanation for this observation is the so-called Lehmann effect [12, 33] , and more specifically the overlooked chemical version [34, 35] . In our geometry, the outward current J of water molecules, which diffuse through the liquid crystal, is quasi-radial and directed along the helical axis. Due to the absence of mirror symmetry of the molecules, the current induces a torque Γ on the liquid crystal molecules, resulting in a global rotation of the director field. The torque is linearly related to the current through Γ = −νJ , where ν is called the Lehmann coefficient. Constitently with both swelling and deswelling experiments, we always find that Γ · J > 0,
